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Abstract 
In this paper we prove that a homotopy pullback of a homotopy epimorphism is a 
homotopy epimorphism. As a direct consequence, an extension of Dydak’s theorem is 
obtained. 
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1. Introduction 
Recall that f : X + Y is a homotopy epimorphism (monomorphism) in HCW*, 
the homotopy category of pointed path-connected CW-spaces, if given u, u : Y + Z 
(~,~:Z~X),~of=~0fimpliesu=u(f~u=f~uimpliesu=v)[31. 
Let 2 and ? be the universal covering spaces of X and Y, respectively. It is 
clear that the covering projection p : _J? +X is a homotopy monomorphism. Then 
every homotopy monomorphism f : X + Y induces a homotopy monomorphism 
f:J? + p. But if f : X + Y is a homotopy epimorphism, then f: 2 + ? need not 
be a homotopy epimorphism. An example is the collapsing map from S’ X S’ to 
S2. Recently, Dydak has proved that f: 2 -+ p is a homotopy epimorphism if 
f : X - Y is a homotopy epimorphism and f * : rlX+ rlY is a monomorphism [l, 
Theorem A]. Using this result, Dydak has also proved the Dyer-Roitberg theorem 
[2] that asserts f : X --f Y is a homotopy equivalence if and only if f is both a 
homotopy epimorphism and a homotopy monomorphism. Note that a morphism in 
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a category which is simultaneously epimorphism and monomorphism need not be 
an equivalence. 
The purpose of this paper is to prove the following theorems. 
Theorem 1.1. Let 
f’ 
X’ - Y’ 
1 I f 
X-Y 
be a homotopy pullback in HCW*. If f is a homotopy epimorphism, then f’ is a 
homotopy epimorphism . 
Theorem 1.2. If f : X * Y is a homotopy epimorphism, then the induced map 
6 q(f; l(H)) -+ y;H, on covering spaces is a homotopy epimorphism for every subgroup 
H of a,Y. 
Obviously, Theorem 1.2 is an extension of Dydak’s theorem. 
The authors wish to thank Professors J. Dydak and J. Roitberg for useful 
correspondences. 
2. Proofs 
To prove Theorem 1.1, we need the following lemmata. 
Lemma 2.1. Let 
be a homotopy pushout 
inverse. 
in HCW*. Then j, and j, have the same left homotopy 
Proof. Consider the following diagram 
By the definition of the homotopy pushout, there is a map 4 : C + Y such that the 
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above diagram is homotopy commutative. Then 4 is a left homotopy inverse of j, 
and j,. 0 
Lemma 2.2. Let 
X&Y 
be a homotopy pushout in HCW*. Then f is a homotopy epimorphism if and only if 
j, =j2. 
Proof. Suppose f is a homotopy epimorphism. It follows from j, 0 f = j2 0 f that 
j, -jz. 
Given two maps U, u : Y - 2 such that u 0 f = v 0 f. Since the square in the 
lemma is a homotopy pushout, then there is a map 4: C + Z such that the 
following diagram is homotopy commutative: 
in which u 2: 4 0 j, and u = 4 0 j,. If j, - jz, then u = u. Hence f is a homotopy 
epimorphism. q 
Lemma 2.3. Suppose that we have a homotopy commutative cube in HCW*: 
A’ - B’ 
C-D 
in which 
(i) the left and back faces are homotopy pullbacks, and 
(ii> the top and bottom faces are homotopy pushouts. 
Then the front and right faces are homotopy pullbacks. 
Proof. See [4, Theorem 181. q 
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Proof of Theorem 1.1. Let the following two squares be homotopy pushouts: 
X&Y 
f’ 
X’ - Y’ 
f/ j* ;I. 
Y- 
and yl ;; j:I 
Y' -C’ . 
Then j, = j, by Lemma 2.2. Consider the following diagram: 
in which the left and back faces are homotopy pullbacks, and note that the top face 
is a homotopy pushout, then there is a map /? : C’ -+ C such that the above diagram 
is a homotopy commutative cube. 
By Lemma 2.3, the front and right faces are homotopy pullbacks. Since j, = jz, 
there is also a map 4: Y’ -+ Y’ such that j; 0 4 - j; by the definition of the 
homotopy pullback for the right face. It follows from Lemma 2.1 that 4 = 1. Then 
j; =j;, and so f’ is a homotopy epimorphism by Lemma 2.2. 0 
Remark 2.4. The converse of Theorem 1.1 doesn’t hold in general. A counterexam- 
ple is the homotopy pullback 
OX- * 
Remark 2.5. The dual of Lemma 2.2 is true, but the dual of Lemma 2.3 does not 
hold in general [4]. So we don’t know whether or not the dual of Theorem 1.1 is 
true. 
Proof of Theorem 1.2. Let Y&) and Xc(f,+H)) be covering spaces of Y and X 
corresponding to the subgroups H( c rr,Y) and f; ‘(HX c rr,X), respectively. 
Then there exists an induced map f’: Xcf;~(H)) + qH) such that the following 
square is commutative: 
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where px and pY are covering projections. Hence the theorem follows from 
Theorem 1 .l if the square ( * ) is a homotopy pullback. 
Let X={(X, y’)~Xx$~) If(x>=py(j>l. p~:x+X and f:x+qH) are 
projections. Then the following square (* * ) 
.f - 
x-r (HI 
I I PZ PY f 
X-Y 
(**I 
is a topological pullback, and pz is a covering projection. Therefore, there is a 
map J: Xcfr+Hjj + x such that the following diagram is commutative: 
This implies px*(rIXC(fzl(H))) CP,,(T,~> Cf,‘(p,*~lZ;(&, i.e., f,‘(ff) C 
p,,(~-,x) cf;‘(H>. Then f;‘(H) =px*(~lx), and so f is a homeomorphism. 
This implies that the square ( *) is a topological pullback. By [4, Example (111, the 
square (*) is a homotopy pullback. 0 
The following corollaries are specialized cases of Theroem 1.2. 
Corrollary 2.6. If f : X + Y is a homotopy epimorphism, then f’: kckerf,) -+ p is a 
homotopy epimorphism . 
Corrollary 2.7 [l, Theorem A]. Zf f : X -+ Y is a homotopy epimorphism and 
f .+ : T,X + n-,Y is a monomorphism, then f: T? -+ ? is a homotopy epimorphism. 
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